
Probabilistic Aspects of Default Risk Modeling

Tomasz Bielecki
Department of Mathematics, The Northeastern Illinois University, Chicago, USA

e-mail: T-Bielecki@neiu.edu

Marek Rutkowski
Institute of Mathematics, Technical University of Warsaw, Warszawa, Poland

e-mail: markrut@alpha.im.pw.edu.pl

Abstract

Various probabilistic techniques, which are used in the modeling of derivative securities (in
particular, zero-coupon bonds) that are subject to default risk are presented in a systematic way.
A large class of existing models of the defaultable term structure is covered by our analysis, in
addition, some new ideas are presented.

1 Introduction

Let B(t, T ) and D(t, T ) denote time t prices of default-free and default-risky (or defaultable) zero-
coupon bonds maturing at time T , respectively. The default-free bond pays $1 at time T . The time
T recovery value for the default-risky bond needs to be modeled. We are concerned with modeling
the dynamics for the price process D(t, T ), as well as with relating B(t, T ) and D(t, T ). Our goal
is to derive a model for default-free and defaultable term structures that can be statistically tested
and that takes into account available data regarding: (i) migration probabilities between different
credit rating classes (in particular probabilities of default), (ii) recovery rates for various credit rating
classes, and (iii) credit spreads.

There are several existing models for the defaultable term structure, in which credit rating classes
appear in an explicit way (see, for instance, Arvanitis et al. [2], Duffie and Singleton [24], Huge and
Lando [30], Jarrow et al. [32], Lando [41], or Thomas et al. [60]). Apparently, all the above references
seem not to account for at least one of the above itemized characteristics of risky debt. Additionally,
the simplifying assumptions made, for instance, in Jarrow et al. [32] seem to be very restrictive (and
probably not verifiable).

For a fixed horizon date T ∗ > 0, let (Ω, (Ft) t∈[0,T∗],P) and (Ω, (Ft) t∈[0,T∗],P∗) denote the real-
world and martingale probability spaces, respectively. The filtration (Ft) t∈[0,T∗] is an enlargement
of Wiener filtration, and is also accounting for random shocks leading to credit migration (credit
quality jumps occuring typically at times when credit rating agencies produce their reports, or at
random time of bankruptcy). The process rt will denote the short-term interest rate, as usually.
Typically, it is assumed that P∗ is unique (or at least that a particular spot martingale measure P∗

has already been chosen, if there are many spot martingale measures), so that defaultable claims
can be priced through the standard risk-neutral valuation formula.
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For instance, in Duffie and Singleton [22], the case of ‘fractional recovery of market value’ is
examined. All relevant quantities are given in terms of an underlying Markov process Y, which
represent ‘state variables.’ They derive the formula

D(t, T ) = EP∗
{

exp
(
−

∫ T

t

Ru du
) ∣∣∣Gt

}
, (1)

with Rt = ρ(Yt) is the ‘default-adjusted’ short-term interest rate. Conditioning is with respect to
the filtration is generated by the state-variables process Y ; that is, Gt = σ(Yu : u ≤ t).

On the other hand, Jarrow and Turnbull [34] and Jarrow et al. [32] focus on the ‘fractional
recovery of par,’ so that

D(t, T ) = EP∗
{

exp
(
−

∫ T

t

ru du
)
XT

∣∣∣Ft

}
, (2)

where XT = δ I {T≥τ} + I {T<τ}. Here τ is the time at which bankruptcy occurs, and δ is the
(constant) recovery rate. A similar approach is taken in Madan and Unal [46].

Let’s look at things from the HJM perspective. Towards this end, suppose that there are K
credit classes or states, the Kth state denoting the state of default. Thus, the risky bond can be in
any of the states i ∈ K = {1, . . . , K}. Let C denote the Markov process taking values in K × K. It
is convenient to assume that the state K is absorbing. The process will model migration between
credit classes. So, for example,

P
{
Ct+s = (i, j) |σ(Cu : u ≤ t)

}
= P

{
Ct+s = j |Ct = (C1

t , C2
t )

}
provides the probability that the bond is in the credit class j at time t + s, and the immediately
preceding bond’s class was i given the bond was in the credit class C2

t at time t which was immediately
preceded by class C1

t . Such probabilities can be estimated from available data (CreditMetrics does
not do this directly though). This idea of ‘twin state’ Markov chain is similar to what is suggested
in Arvantis et al. [2]. Note that the jump times for the Markov chain Ct can be random, as well as
deterministic (if in fact changes in credit ratings occur only at selected deterministic times during
the lifetime of the bond: the times at which rating agencies present their reports).

We wish to model the price process of a defaultable bond, for a given initial condition C0 at
time 0 (we assume that C2

0 6= K). We shall focus on the case of the fractional recovery of par. Let
δi ∈ [0, 1) be the recovery rate for a bond which belonged to class i just before default occurred.
To be more specific, if T -maturity unit bond defaults before or at time T, its owner is entitled to
the payoff δi at time T, provided that the bond belonged to class i just before default occurred (the
estimates of δi’s are regularly done by CreditMetrics).

Let the instantaneous forward rates be f(t, T ) (for the default-free bond), so that the price
B(t, T ) of a default-free zero-coupon bond equals

B(t, T ) = exp
(
−

∫ T

t

f(t, u) du
)
. (3)

Similarly, for any i < K, we write gi(t, T ) the ‘conditional’ instantaneous forward rates for the risky
bond that is in state i at time t. It should be stressed the process

Di(t, T ) := exp
(
−

∫ T

t

gi(t, u) du
)

(4)

does not represent the price process of tradable security. In other words, ‘the risky bond that is in
state i at time t’ is not a tradable asset. In the present framework, a particular defaultable bond is
formally defined by its principal value (assumed to be 1), maturity T, and the initial condition C0.
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We postulate that the price process of a defaultable bond, for a given initial condition C0, is given
by the following expression

DCt(t, T ) := I {C2
t 6=K} exp

(
−

∫ T

t

gC2
t
(t, u) du

)
+ δC1

t
I {C2

t =K} exp
(
−

∫ T

t

f(t, u) du
)

(5)

for every t ∈ [0, T ]. Put another way,

DCt(t, T ) = I {C2
t 6=K}DC2

t
(t, T ) + δC1

t
I {C2

t =K}B(t, T ). (6)

Therefore, for any initial condition C0, at any time t we have

DCt(t, T ) = Di(t, T ) on the set {C2
t = i}

for every i < K. Furthermore,

DCt(t, T ) = δiB(t, T ) on the set {(C1
t , C2

t ) = (i, K)}.
We thus see that Di(t, T ) does indeed represent the price at time t of a default-risky bond, provided
that it is currently in the ith credit class. Put another way, Di(t, T ) is the price of a defaultable bond,
conditional on the event ‘the bond is currently in the credit class i < K.’ Due to the Markovian
structure of the model, the value Di(t, T ) does not depend on the history of a particular defaultable
bond, so that we have a unique price for all defaultable bonds which are currently in a given credit
class.

For any i, we define the ith credit spread process γi(t, u) by setting

γi(t, u) = gi(t, u)− f(t, u).

Combining (3) with (4), we get

Di(t, T ) = B(t, T ) exp
(
−

∫ T

t

γi(t, u) du
)
.

Also

DCt(t, T ) = B(t, T )
{

I {C2
t 6=K} exp

(
−

∫ T

t

γC2
t
(t, u) du

)
+ δC1

t
I {C2

t =K}
}
. (7)

To simplify formulae (5) and (7), it is convenient to denote f(t, T ) = gK(t, T ), so that γK(t, u) = 0.
Then (5) and (7) become

DCt(t, T ) = Xt exp
(
−

∫ T

t

gC2
t
(t, u) du

)
,

and

DCt(t, T ) = B(t, T )Xt exp
(
−

∫ T

t

γC2
t
(t, u) du

)
,

respectively, where Xt is the promised payoff, as at time t,

Xt = I {C2
t 6=K} + δC1

t
I {C2

t =K}.

Finally let us introduce the default time by setting (as usual, given the initial condition C0)

τ = inf { t ∈ R+ : C2
t = K }. (8)

Then Xt satisfies
Xt = I {t<τ} + δC1

t
I {t≥τ}.

In the case of zero recovery, i.e., when δi = 0 for every i < K, we obtain (cf. (6))

DCt(t, T ) = I {t<τ} exp
(
−

∫ T

t

gC2
t
(t, u) du

)
= I {t<τ}B(t, T ) exp

(
−

∫ T

t

γC2
t
(t, u) du

)
.

Suppose, on the contrary, that δ1 = 1 for every i < K. We then expect to have DXt(t, T ) = B(t, T )
for every t. For this to hold, it is enough to assume that for any i the ‘conditional’ forward rate
gi(t, T ) coincides with f(t, T ).
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2 Default Time

The exposition in this section is mainly based on Duffie et al. [21]. In this section, our goal is to
present the most fundamental results which can be obtained using the intensity-based approach. In
Section 3, special attention will be paid to the various kinds of recovery rates, such as, for instance,
zero recovery, fractional recovery of par, and fractional recovery of market value. On the other hand,
in order to obtain as explicit valuation formulae as possible, we shall still assume that only two states
are possible, namely, non-default and default. An analysis of the case of several credit rating classes
is postponed to Sections 4–5. Unless stated otherwise, we make the following standing assumptions.

(A.1) For a finite horizon date T ∗, we are given a filtered probability space (Ω, (Ft) t∈[0,T∗],P∗),
with the probability measure P∗ interpreted as a martingale measure for our underlying market
model (that is, a complete or incomplete securities market model, which we do not need to specify
in more details at this stage).

(A.2) For a given default-risky security, its default process is modeled through a count process N
with strictly positive intensity process λ under P∗. More specifically, the default time τ is a stopping
time, defined as the first jump time of the default process N. The following property of τ is crucial:
if we introduce the first jump process Ht = I {t≥τ}, then the compensated process

Mt = Ht −
∫ t

0

λu I {u≤τ} du = Ht −
∫ t

0

hu du, ∀ t ∈ [0, T ∗], (9)

follows a martingale under P∗.

(A.3) Given a maturity date T > 0, a FT -measurable random variable X represents the promised
claim, that is, the amount of cash which the owner of a defaultable claim is entitled to receive at
time T, provided that the default has not occured before the maturity date T.

(A.4) A predictable process Z models the payoff which is actually received by the owner of a
defaultable claim, if default occurs before maturity T. At this stage, no specific relationships between
Z and X are assumed, however, we shall refer to Z as the recovery process of X.

(A.5) An adapted process r stands for the short-term interest rate, and Bt, t ∈ [0, T ∗], is the
associated savings account process.

In view of recent developments in term structure modeling, the last assumption may seem to be
slightly ‘old-fashioned.’ It should be stressed that Assumption (A.5) is not essential (it would be
perhaps instructive to replace Bt by B(t, T ) and to interpret P∗ as the forward measure). The main
result in the intensity-based approach states that a defaultable security can be priced as if it were a
default-risk free security, provided that the credit spread is already incorporated in the risk premium.
In other words, the risk premium process of a defaultable security differs from that associated with
a risk-free bond, both in the real-world and in the risk-neutral world. In particular, in a risk-
neutral world the risk premium associated with a risk-free bond vanishes, and the risk premium
associated with a defaultable security is still present. Such a statement is equally meaningful in any
arbitrage-free framework, so that Assumption (A.5) was introduced for the sake of convenience only.

Example 2.1 If the intensity process λt = λ > 0 is constant, the process H can be seen as
a continuous-time Markov chain with the state space {0, 1}, and with constant intensity matrix
Λ = [λij ] 0≤i,j≤1, where λ00 = −λ, λ01 = λ, and λ1i = 0 for i = 0, 1 (so that the state 1 is
absorbing). In this case, N follows a standard Poisson process with constant intensity λ. This will
be later generalized in two directions. First, in some circumstances it might be natural to assume
that λt = λ(Yt), where Y is a given k-dimensional adapted stochastic process, and λ : Rk → R+ is
a strictly positive deterministic function. Second, the basic model can be extended to accomodate
for different credit rating classes, Λt = [λij(Yt)] 0≤i,j≤K , with K being an absorbing state (see, for
instance, Jarrow et al. [32]) or Section 4 below).
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We need first to formally define the value process S of a defaultable claim, represented by a
triplet (X, Z, τ). Since we assume throughout that P∗ is a spot martingale measure, it is natural to
postulate that the value S0 at time 0 of a defaultable claim (X, Z, τ) equals (we may and do assume
that P∗{τ = 0} = 0)

S0 := B0 EP∗
( ∫

]0,T ]

B−1
u dDu

)
, (10)

where B stands for the risk-free savings account, and D is the ‘dividend process’ (cf. (A.3)–(A.4))

Dt =
∫

]0,t]

Zu dHu + X(1−HT ) I {t=T}. (11)

More generally, under Assumption (A.2) we have P∗{τ = t} = 0 for any t, so that (10) can be
easily generalized to give

St := Bt EP∗
(∫

]t,T ]

B−1
u dDu

∣∣∣Ft

)
, (12)

or equivalently,

St := Bt EP∗
(∫

]t,T ]

B−1
u Zu dHu + B−1

T X I {T<τ}
∣∣∣Ft

)
. (13)

In particular, at maturity of the contract we have ST = X I {T<τ}, as expected. Notice that (13)
can be also rewritten as follows

St = Bt EP∗
(
B−1

τ Zτ I {t<τ≤T} + B−1
T X I {T<τ}

∣∣∣Ft

)
, (14)

or more explicitly,

St = EP∗
{

exp
(
−

∫ τ∧T

t

ru du
)
(Zτ I {t<τ≤T} + X I {T<τ})

∣∣∣Ft

}
. (15)

Definition 2.1 By a defaultable claim we mean a triplet (X, Z, τ), where X is the promised payoff,
Z represents the recovery process of X, and τ is the default time. The price (or value) process S of
a defaultable claim (X, Z, τ) is given by either of the formulae (12)–(15).

Remark 2.1 Notice that Definition 2.1 specifies the price of a defaultable security on the ex-
dividend basis. In particular, for any t we have St = 0 on the event {τ < t}. Intuitively, this
means that the payoff at the event of default is received in cash (and invested, e.g., in the risk-free
savings account), and the defaultable security becomes worthless forever. This convention agrees, of
course, with our current set of assumptions (A.1)–(A.5), but does not necessarily reflect the actual
bankruptcy procedures. Once again, it should be generalized to fit more adequately the real-world
behaviour of defaultable securities.

The following lemma provides still another representation for the price process S of a defaultable
claim. It appears that, due to Assumption (A.2), the integration with respect to the process Ht

can be replaced with the integration with respect to its intensity measure ht dt. The presence in
(16)–(17) of the complement of the default event {τ ≤ T } shows, however, that the default time τ
was not yet completely eliminated from the valuation formula.

Lemma 2.1 The price process S admits the following representations

St = Bt EP∗
( ∫ T

t

B−1
u Zuhu du + B−1

T X I {T<τ}
∣∣∣Ft

)
(16)

and

St = EP∗
(∫ T

t

(
Zuhu − ruSu

)
du + X I {T<τ}

∣∣∣Ft

)
. (17)
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Proof. The first formula follows from (13), combined with the equality

EP∗
( ∫

]t,T ]

B−1
u Zu dHu

∣∣∣Ft

)
= EP∗

( ∫
]t,T ]

B−1
u Zu

(
dMu + hu du

)∣∣∣Ft

)

which in turn is an immediate consequence of (9). For the second, it is enough to rewrite (16) as
follows

St = Bt

(
M̃t −

∫ t

0

B−1
u Zuhu du

)
, (18)

where we have put

M̃t = EP∗
(∫ T

0

B−1
u Zuhu du + B−1

T X I {T<τ}
∣∣∣Ft

)
.

Applying Itô’s formula to (18), we obtain

dSt = (rtSt − Ztht) dt + Bt dM̃t,

and thus

EP∗(ST | Ft) = St + EP∗
( ∫ T

t

(
ruSu − Zuhu

)
du

∣∣∣Ft

)
.

Since ST = X I {T<τ}, the last equality yields (17). 2

The following result – due to Duffie et al. [21] – plays a crucial role in what follows.

Proposition 2.1 For a given process Z, we define the process V by setting

Vt = B̃t EP∗
(∫ T

t

B̃−1
u Zuλu du + B̃−1

T X
∣∣∣Ft

)
, (19)

where B̃ is the ‘savings account’ corresponding to the default-adjusted short-term rate Rt = rt + λt,
that is,

B̃t = exp
(∫ t

0

(ru + λu) du
)
. (20)

Then
I {t<τ}Vt = Bt EP∗

(
B−1

τ (Zτ + ∆Vτ ) I {t<τ≤T} + B−1
T X I {T<τ}

∣∣∣Ft

)
. (21)

Proof. In view of (19) we have

Vt = B̃t

(
Nt −

∫ t

0

B̃−1
u Zuλu du

)
, (22)

where N is a martingale given by the formula

Nt = EP∗
(∫ T

0

B̃−1
u Zuλu du + B̃−1

T X
∣∣∣Ft

)
. (23)

Using Itô’s product rule, we obtain

dVt = rtVt dt− (Zt − Vt−)λt dt + B̃t dNt. (24)

Define Ut = H̃tVt, where H̃t = 1 − Ht = I {t<τ}, so that Ut = I {t<τ}Vt. On the one hand, it is
useful to observe that (21) may be rewritten as follows

Ut = Bt EP∗
(∫

]t,T ]

B−1
u (Zu + ∆Vu) dHu + B−1

T X I {T<τ}
∣∣∣Ft

)
. (25)
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On the other hand, an application of Itô’s product rule yields (the process H̃ is of finite variation,
and H̃t− = H̃t)

dUt = d(VtH̃t) = H̃t dVt + Vt− dH̃t + ∆Vt∆H̃t.

In view of (24) and equality λt I {t≤τ} = ht, this yields

dUt = d(VtH̃t) = H̃t

(
rtVt dt− (Zt − Vt−)ht dt + B̃t dNt

)
+ Vt− dH̃t + ∆Vt∆H̃t.

After rearranging and noting that ∆H̃t = −∆Ht, we obtain

dUt = rtUt dt− (Zt + ∆Vt) dHt + Ñt, (26)

where Ñt stands for the local martingale, more precisely,

dÑt = H̃tB̃t dNt + (Vt− − Zt) dMt.

Since UT = X I {T<τ}, (26) gives (25) (if the local martingale Ñ is in fact a ‘true’ martingale). 2

Corollary 2.1 Let the processes S and V be defined by (13) and (19), respectively. Then (i)

St = I {t<τ}
{

Vt −Bt EP∗
(
B−1

τ I {τ≤T}∆Vτ

∣∣Ft

)}
, (27)

(ii) if ∆Vτ = 0, then St = I {t<τ}Vt for every t ∈ [0, T ].

Proof. A comparison of (14) and (21) yields

St = Ut −Bt EP∗
(
B−1

τ I {t<τ≤T}∆Vτ

∣∣Ft

)
.

Formula (27) now easily follows. 2

For easy further reference, we shall write down the particular case of (27) when ∆Vτ = 0. In this
case, we have simply St = Ut, that is,

St = I {t<τ}B̃t EP∗
( ∫ T

t

B̃−1
u Zuλu du + B̃−1

T X
∣∣∣Ft

)
. (28)

In view of the relationship established in part (ii) of Corollary 2.1, the process V given by formula
(19) is commonly referred to as the pre-default value of a defaultable claim X.

3 Recovery Rates

In this section, we shall further specify the model presented in the previous section, by introducing
various kinds of recovery processes.

3.1 Exogenous Recovery Rates

We assume that Z is exogenously given predictable process. In this case, the price process S is
uniquely defined through (13) so that no ambiguity may arise. Notice however, that in formula
(14) only the values of the process Z at default time τ are essential. This suggests that instead of
specifying the process Z, we could instead predetermine only the Fτ -measurable random variable
Zτ . Let us then postulate that we are given a bounded Fτ -measurable random variable W, which
models the recovery rate at default time. The price process of a defaultable claim X now equals (as
before, we assume that a defaultable claim settles at time T )

St := Bt EP∗
(
B−1

τ W I {t<τ≤T} + B−1
T X I {T<τ}

∣∣Ft

)
. (29)



8 Probabilistic Aspects of Default Risk Modeling

Following Duffie [18], we shall now consider both the case of discrete-time and continual recovery of
a defaultable claim with recovery rate W. As expected, the case of continual recovery corresponds to
expression (29). It appears (see Duffie [17] in this regard) that the results of Section 2 remain valid
in the case of continual recovery with recovery rate W, provided that we replace the recovery process
Z with the compensator of W (under P∗). By definition, a compensator of W is a predictable
process, W̃ say, which satisfies W̃τ− = EP∗(W | Fτ−).

A discrete-time recovery assumes that the payoff at the event of default is received by the owner
of a claim on the first date after default among a predetermined set of admissible dates 0 = T0 <
T1 < . . . < Tn = T. Under this convention, the valuation formula reads

S̃t :=
∑
Ti≥t

Bt EP∗
(
B−1

Ti
W I {Ti−1<τ≤Ti}

∣∣Ft

)
+ Bt EP∗

(
B−1

T X I {T<τ}
∣∣Ft

)
. (30)

In practical terms, when default occurs, the associated payoff (if any) is postponed to the nearest
date Ti after default. It should be stressed that it is now enough to assume that a random variable
W is such that for every i = 1, . . . , n, the random variable Wi = W I {Ti−1<τ≤Ti} is FTi -measurable.
In other words, the amount paid off at the date Ti is based on the total information which is available
at this time, including the default event {Ti−1 < τ ≤ Ti}.

It is interesting to notice that the valuation formula (30) has slightly different features than
our basic valuation formula (13). Indeed, formula (13) implicitly assumes that a defaultable claim
becomes worthless as soon as a default occurs. On the other hand, when formula (30) is used to
value a defaultable claim, a claim becomes worthless not at the time of default, but after the nearest
date from the set of admissible dates.

Our next goal is to give formula (30) a more explicit representation. For a fixed t ≤ T, we shall
write i0 = i0(t) = inf { i : Ti ≥ t }. It is thus clear that

S̃t =
n∑

i=i0

(Û i
t − Ũ i

t ) + Un
t ,

where
Û i

t = Bt EP∗
(
B−1

Ti
Wi I {Ti−1<τ}

∣∣Ft

)
, Ũ i

t = Bt EP∗
(
B−1

Ti
Wi I {Ti<τ}

∣∣Ft

)
,

and
Un

t = Bt EP∗
(
B−1

Tn
X I {Tn<τ}

∣∣Ft

)
.

Since for every i = i0, . . . , n we have: (a) Ft ⊂ FTi , and (b) the random variable Wi is FTi-
measurable, the evaluation of Ũ i

t , i = 1, . . . , n and Un
t is standard. Indeed, we may apply previously

established results, with Z = 0 and T = Ti. To get a more transparent expression for the valuation
formula, we shall assume that ∆Vτ = 0, where V stands for the pre-default value process introduced
in Proposition 2.1 (of course, in the present context V depends on i, so that the assumption that V
doesn’t jump at default time is made for every i). In view of Corollary 2.1, we have

Ũ i
t = I {t<τ} B̃t EP∗

(
B̃−1

Ti
Wi

∣∣Ft

)
, ∀ i = 1, . . . , n, Un

t = I {t<τ} B̃t EP∗
(
B̃−1

Ti
X

∣∣Ft

)
.

We may proceed in a similar way when dealing with Û i
t , provided that i ≥ i0 + 1 (this ensures that

Ft ⊂ FTi−1). To this end, we find it convenient to represent Û i
t as follows

Û i
t = Bt EP∗

(
B−1

Ti−1
EP∗

(
BTi−1B

−1
Ti

Wi

∣∣FTi−1

)
I {Ti−1<τ}

∣∣∣Ft

)
.

This means that
Û i

t = Bt EP∗(B−1
Ti−1

Yi I {Ti−1<τ} | Ft),

where Yi is a FTi−1 -measurable random variable

Yi = BTi−1EP∗(B−1
Ti

Wi | FTi−1). (31)
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Notice that Yi represents the price at time Ti−1 of a non-defaultable claim that pays Wi at time Ti.
Arguing along the same lines as before, we get

Û i
t = I {t<τ} B̃t EP∗

(
B̃−1

Ti−1
Yi

∣∣Ft

)
.

It thus remains to analyze the following term

Û i0
t = Bt EP∗

(
EP∗

(
B−1

Ti0
Wi0

∣∣FTi0−1

)
I {Ti0−1<τ}

∣∣∣Ft

)
.

Since FTi0
⊂ Ft and the event {Ti0−1 < τ} belongs to FTi0

, we obtain

Û i0
t = I {Ti0−1<τ}Bt EP∗

(
B−1

Ti0
Wi0

∣∣Ft

)
= I {Ti0−1<τ}Yi0 ,

where Yi0 represents the price at time t of a non-defaultable claim that pays Wi0 at time Ti0 . We are
in a position to state the following result. Let us stress that we assume that part (ii) in Corollary
2.1 may be applied to each term Û i

t and Ũ i
t .

Proposition 3.1 Let the price S̃t at time t ≤ T of a defaultable claim W with discrete-time recovery
be given by formula (30). Then

S̃t = I {Ti0−1<τ}Bt EP∗
(
B−1

Ti0
Wi0

∣∣Ft

)
+ I {t<τ}

n∑
i=i0+1

B̃t EP∗
(
B̃−1

Ti−1
Yi

∣∣Ft

)

− I {t<τ}
n∑

i=i0

B̃t EP∗
(
B̃−1

Ti
Wi

∣∣Ft

)
+ I {t<τ} B̃t EP∗

(
B̃−1

Tn
X

∣∣Ft

)
,

where i0 = i0(t) = inf { i : Ti > t}, Wi = W I {Ti−1<τ≤Ti}, Yi is given by (31), and B̃ by (20).

We shall now focus on the case of a defaultable term structure, that is, we set X = 1. The most
tractable cases are: (i) the case of zero recovery: W = 0, (ii) the case of fractional recovery of par:
W = δ with 0 < δ < 1 (in principle, δ can be any real number). For any adapted process γ, we find
it convenient to denote

Bγ(t, T ) = EP∗
{

exp
(
−

∫ T

t

(ru + γu) du
) ∣∣∣Ft

}
. (32)

Notice that B0(t, T ) = B(t, T ), and Bγ(t, T ) < B(t, T ) if γ is strictly positive.

3.1.1 Zero recovery. In the case of zero recovery, formulae (29) and (30) yield, as expected, the
same result for the price process D0(t, T ) of the T -maturity defaultable bond. Namely, we have

D0(t, T ) = Bt EP∗(B−1
T I {T<τ} | Ft). (33)

Suppose that we are in a position to apply part (ii) in Corollary 2.1 (i.e. ∆Vτ = 0). Then

D0(t, T ) = I {t<τ}B̃t EP∗(B̃−1
T | Ft) = I {t<τ}Bλ(t, T ).

This means that the price of a bond before default can be calculated in a ‘standard’ way, provided
that the risk-free rate r is substituted with the default-adjusted rate R = r + λ. In particular, if λ
is strictly positive then D0(t, T ) < B(t, T ) for t < T , and D0(T, T ) ≤ B(T, T ) = 1.

3.1.2 Fractional recovery of par. In the case of a non-zero recovery coefficient δ, for the price
Dδ(t, T ) of a defaultable bond with continual recovery we get

Dδ(t, T ) = Bt EP∗
(
δB−1

τ I {t<τ≤T} + B−1
T I {T<τ}

∣∣Ft

)
= I {t<τ}B̃t EP∗

(
δ

∫ T

t

B̃−1
u λu du + B̃−1

T

∣∣∣Ft

)
,
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where the second equality holds when ∆Vτ = 0. The price of a defaultable bond with discrete-time
recovery, D̃δ(t, T ) say, equals (cf. (30))

D̃δ(t, T ) =
∑
Ti≥t

Bt EP∗
(
δB−1

Ti
I {Ti−1<τ≤Ti}

∣∣Ft

)
+ Bt EP∗

(
B−1

T I {T<τ}
∣∣Ft

)
.

Let us analyze the latter case in more details. Suppose that Ti0−1 ≤ t < Ti0 . First, we have

D̃δ(t, T ) = δBt

n∑
i=i0

(
EP∗

(
B−1

Ti
I {Ti−1<τ}

∣∣Ft

)−EP∗
(
B−1

Ti
I {Ti<τ}

∣∣Ft

))
+Bt EP∗

(
B−1

Tn
I {Tn<τ}

∣∣Ft

)
,

or in an abbreviated form

D̃δ(t, T ) =
n∑

i=i0

δ Û(t, Ti)−
n∑

i=i0

δ Ũ(t, Ti) + U(t, Tn). (34)

Since Ti0−1 ≤ t and thus FTi0−1 ⊂ Ft, it is clear that

Û(t, Ti0) = Bt EP∗
(
B−1

Ti0
I {Ti0−1<τ}

∣∣Ft

)
= I {Ti0−1<τ}B(t, Ti0). (35)

Furthermore, for any i = i0 + 1, . . . , n we have Ft ⊂ FTi−1 , and thus

Û(t, Ti) = Bt EP∗
(
B−1

Ti
I {Ti−1<τ}

∣∣Ft

)
= Bt EP∗

(
B−1

Ti−1
I {Ti−1<τ}B(Ti−1, Ti)

∣∣Ft

)
.

Applying Corollary 2.1, we obtain (as usual, we assume that V does not jump at τ)

Û(t, Ti) = I {t<τ}EP∗
{

exp
(
−

∫ Ti−1

t

(ru + λu) du
)
B(Ti−1, Ti)

∣∣∣Ft

}
,

or equivalently (cf. (32))

Û(t, Ti) = I {t<τ}EP∗
{

exp
(
−

∫ Ti

t

(ru + λu I [0,Ti−1](u)) du
) ∣∣∣Ft

}
= I {t<τ}Bλi−1

(t, Ti), (36)

where we set λi−1
t = λt I [0,Ti−1](t) for t ∈ [0, T ∗]. Finally, once again using Corollary 2.1, we get for

any i = i0, . . . , n

Ũ(t, Ti) = Bt EP∗
(
B−1

Ti
I {Ti<τ}

∣∣Ft

)
= I {t<τ}EP∗

{
exp

(
−

∫ Ti

t

(ru + λu) du
)∣∣∣Ft

}
, (37)

so that Ũ(t, Ti) = I {t<τ}Bλ(t, Ti) = D0(t, Ti). By plugging (35)–(37) into (34), we arrive at the
following representation of the price D̃δ(t, T ).

Proposition 3.2 For every t ≤ T, the price D̃δ(t, T ) of a defaultable bond with discrete-time frac-
tional recovery of par equals

D̃δ(t, T ) = I {Ti0−1<τ}δB(t, Ti0) + I {t<τ}
n∑

i=i0+1

δ EP∗
{

exp
(
−

∫ Ti

t

(ru + λi−1
u ) du

) ∣∣∣Ft

}

− I {t<τ}
n∑

i=i0

δ EP∗
{

exp
(
−

∫ Ti

t

(ru + λu) du
) ∣∣∣Ft

}

+ I {t<τ}EP∗
{

exp
(
−

∫ Tn

t

(ru + λu) du
) ∣∣∣Ft

}
,

where i0 = i0(t) = inf { i : Ti > t } and λi−1
t = λt I [0,Ti−1](t). Put another way,

D̃δ(t, T ) = I {Ti0−1<τ}δB(t, Ti0) + I {t<τ}
( n∑

i=i0+1

δ Bλi−1
(t, Ti)−

n∑
i=i0

δ Bλ(t, Ti) + Bλ(t, Tn)
)
. (38)
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Example 3.1 Let us consider a very special case of a T -maturity defaultable bond with a discrete-
time recovery, with only two admissible dates T0 = 0 and T1 = T. Since default at time 0 is excluded
with probability 1, it is clear that the payment always occurs at time T, no matter whether a bond
has defaulted before maturity or not. For any t ≤ T we have

D̃δ(t, T ) = Bt EP∗
(
δB−1

T I {0<τ≤T} + B−1
T I {T<τ}

∣∣Ft

)
.

On the other hand, since i0(t) = 1 for any t ≤ T, formula (38) gives

D̃δ(t, T ) = δB(t, T ) + I {t<τ}(1− δ)Bλ(t, T ). (39)

Under the present assumptions, since a defaulted bond pays for sure the amount δ at time T, we
get D̃δ(t, T ) = δB(t, T ) on the random set [τ, T ], that is, after default. Before default, its value is
strictly greater than δB(t, T ), but we have always D̃δ(t, T ) < B(t, T ). The last inequality is trivial,
since the process λ is strictly positive, and thus Bλ(t, T ) < B(t, T ) for every t ≤ T. We conclude that
under the present assumptions, the price of defaultable bond never exceeds the price of the risk-free
bond,1 which is a natural property to require from a model valuing risky debt. On the other hand,
for the general model of the continual recovery we have only following equivalence, which holds on
the set {τ > t} (of course, Dδ(t, T ) = 0 < B(t, T ) on {τ ≤ t})

Dδ(t, T ) ≤ B(t, T ) ⇐⇒ δ EP∗(B−1
τ I {t<τ≤T} | Ft) ≤ EP∗(B−1

T I {t<τ≤T} | Ft).

This shows that continual revovery with fractional recovery of par should be handled with care.

3.2 Endogenous Recovery Rules

If Z is not an exogenously given process (but, for instance, a deterministic function of the value
process S), the problem of existence and uniqueness of a process S defined by (13) arises. We take
the uniqueness of solution to (13) for granted, and we address the problem of pricing of defaultable
claims of the form (X, Z, τ), where Z is a specific ‘recovery rule,’ rather than a given process.

3.2.1 Fractional recovery of market value. Following Duffie and Singleton [22], we assume
that Zt = (1−Lt)St−, where S is a process we are looking for, and L is a given predictable process.
We start with the following lemma, which deals with the process V only. Notice that formula (40)
represents a stochastic equation which needs to be solved for the unknown process V.

Lemma 3.1 Let V satisfy (19) with Zt = (1− Lt)Vt− for some predictable process L, that is,

Vt = B̃t EP∗
( ∫ T

t

B̃−1
u (1− Lu)Vuλu du + B̃−1

T X
∣∣∣Ft

)
. (40)

Then V is unique, and it is given by the formula

Vt = B̂t EP∗
(
B̂−1

T X
∣∣Ft

)
(41)

with

B̂t = exp
(∫ t

0

(ru + λuLu) du
)
. (42)

Proof. In view of (24) we have

dVt = Vt(rt + λt) dt− (1 − Lt)Vtλt dt + B̃t dNt,

or equivalently,
dVt = Vt(rt + λtLt) dt + B̃t dNt.

1This holds true also in the case of zero recovery considered in Section 3.1.1.
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This immediately yields (41) (as usual, we assume that the last term follows a martingale). Of
course, this proves also that equation (40) admits a unique solution. 2

The next step is to examine the relationship between V (or rather U) and the price process of a
defaultable claim. In view of Proposition 2.1 (which we may apply since the process Zt = (1−Lt)Vt−
is predictable), we find that the process Ut = I {t<τ}Vt satisfies

Ut = Bt EP∗
(
B−1

τ

(
(1− Lτ )Vτ− + ∆Vτ

)
I {t<τ≤T} + B−1

T X I {T<τ}
∣∣∣Ft

)
. (43)

Corollary 3.1 Let the process V be given by formula (40) for some predictable process L. Assume
that ∆Vτ = 0. Then the process Ut = I {t<τ}Vt satisfies

Ut = I {t<τ}B̂t EP∗
(
B̂−1

T X
∣∣Ft

)
(44)

and
Ut = Bt EP∗

(
B−1

τ (1− Lτ )Uτ− I {t<τ≤T} + B−1
T X I {T<τ}

∣∣∣Ft

)
. (45)

Proof. Equality (44) is an immediate consequence of (41). The second formula follows from (43)
(we use the trivial equality Uτ− = Vτ−). 2

In view of Corollary 3.1, the process U satisfies equation (45), that is, the implicit definition of
the price process S. Note that we have not proved that the uniqueness of solutions holds for the
equation

St = Bt EP∗
(
B−1

τ (1− Lτ )Sτ− I {t<τ≤T} + B−1
T X I {T<τ}

∣∣∣Ft

)
. (46)

We have merely shown that (46) admits a solution. The uniqueness of solutions to (46) can be
deduced from standard results on backward SDEs, however. To this end, it might be convenient to
use the equivalent representation of equation (46), namely (cf. (17))

St = EP∗
(∫ T

t

Su

(
(1− Lu)hu − ru

)
du + X I {T<τ}

∣∣∣Ft

)
. (47)

3.2.2 General recovery rule. In principle, we may also deal with a ‘general recovery rule’, more
precisely, we may assume that the payoff process Z satisfies Zt = p(t, St−), where the function p(t, s)
is Lipschitz continuous with respect to s, and satisfies p(t, 0) = 0. In this case, however, we have
merely the following result, which again is a consequence of Proposition 2.1 (once again, the problem
of existence and uniqueness of solutions to (49) and (51) is not addressed here; this follows from
standard results on backward SDEs).

Corollary 3.2 Let S be the unique solution to the backward SDE

St = Bt EP∗
(
B−1

τ p(τ, Sτ−) I {t<τ≤T} + B−1
T X I {T<τ}

∣∣∣Ft

)
, (48)

or equivalently, to the equation (cf. (17))

St = EP∗
( ∫ T

t

(
p(u, Su)hu − ruSu

)
du + X I {T<τ}

∣∣∣Ft

)
. (49)

Let V be the unique solution to the backward SDE

Vt = B̃t EP∗
(∫ T

t

B̃−1
u p(u, Vu)λu du + B̃−1

T X
∣∣∣Ft

)
, (50)

or equivalently, to the equation

Vt = EP∗
(∫ T

t

(
p(u, Vu)λu − (ru + λu)Vu

)
du + X

∣∣∣Ft

)
. (51)

If ∆Vτ = 0, then St = I {t<τ}Vt. Otherwise, S is given by formula (27).
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4 Credit Ratings

To produce a tractable model which accounts for the migration between of rating classes, Jarrow et
al. [32] make the following, rather stringent, assumptions: (i) there exists a unique equivalent mar-
tingale measure P∗ making all default-free and default-risky zero-coupon bond prices martingales,
after normalization by the savings account, (ii) the default time τ is independent of the risk-free
rate r under the martingale measure P∗, (iii) the recovery coefficient is a constant δ.

They first develop a discrete-time model which takes account for the migration of a defaultable
bond in the finite set of credit rating classes. Subsequently, a continuous-time counterpart is also
examined. Methodology developed in Jarrow et al. [32] is a direct extension of the approach in
Jarrow and Turnbull [34]. They assume that a defaulted bond pays at maturity a fraction of its par
value.2 Therefore, the price at time t ≤ T of a T -maturity defaultable bond equals

D̃δ(t, T ) = EP∗
(

exp
(
−

∫ T

t

ru du
)(

δ I {T≥τ} + I {T<τ}
) ∣∣∣Ft

)
, (52)

where τ is the default time, and δ is the constant recovery rate. Suppose that we have chosen a model
for the short-term rate r. It is clear from expression (52) that we need only to model a stopping
time τ. In addition, under assumption (i), formula (52) can be substantially simplified, namely,

D̃δ(t, T ) = B(t, T )EP∗
(
δ I {T≥τ} + I {T<τ}

∣∣Ft

)
. (53)

Consequently (it might be instructive to compare (54) with (39)),

D̃δ(t, T ) = B(t, T )
(
δ + (1− δ)P∗{T < τ | Ft}

)
= B(t, T )

(
1− (1− δ)P∗{T ≥ τ | Ft}

)
. (54)

As will soon become clear, the stopping time τ is explicitly dependent on the initial rating of a
particular bond. Therefore, expressions (52)–(54) should be seen as generic valuation formulae for
defaultable bonds.

Given an initial rating of a defaultable bond, the future changes in its assessments by a rating
agency are described by a stochastic process, referred to as the migration process. Formally, for a
given bond, the value at time t of the associated migration process coincides with its current rating.
There is no loss of generality, if we assume that the set of rating classes is {1, . . . , K}, where the
state K is assumed to correspond to the default event. It is assumed that the migration process, C
say, follows a Markov chain (under both real-world probability P and the spot martingale measure
P∗), that is, the future evolution of ratings classes a particular bond does not depend on the bond’s
history, but only on its current rating.

4.1 Discrete-time Model

In a discrete-time setup, the migration process and the default time are assumed to satisfy: (iv)
the migration process C follows, under the real-world probability P, a time-homogeneous Markov
chain with the transition matrix (by definition, pij = P{Ct+1 = j |Ct = i})

P = [pij ] 1≤i,j≤K , pi,j ≥ 0,

K∑
j=1

pij = 1,

with pKj = 0 for every j < K (so that pKK = 1 for every t, that is, the state K is absorbing),
and (v) C follows a (time-inhomogeneous) Markov chain under P∗, with time-dependent transition
matrix

Q(t) = [qij(t, t + 1)] 1≤i,j≤K , qij(t, t + 1) ≥ 0,

K∑
j=1

qij(t, t + 1) = 1,

with qKj(t, t + 1) = 0 for every j < K and t (so that once again the state K is absorbing).
2This convention coincides with the concept of discrete-time fractional recovery of par introduced in Section 3,

provided that we take T0 = 0 and T1 = T (cf. Example 3.1).
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The default time τ is the first moment the rating process hits the state K (the horizon date T ∗

is assumed to be a natural number, and the infimum over an empty set equals, by convention, +∞)

τ := inf { t ∈ {0, 1, . . . , T ∗} : Ct = K }. (55)

To ensure analytical tractability of the model, an additional ‘technical’ assumption is made. Namely,
it is postulated that the following relationship holds

qij(t, t + 1) = πi(t)pij , ∀ i 6= j, (56)

where time-dependent coefficients πi(t) are interpreted as discrete-time risk premia. The last as-
sumption implies, in particular, that

qii(t, t + 1) = 1 + πi(t)(pii − 1), ∀ i.

In other words, for any state i, the probability under the martingale measure P∗ of jumping to the
state j 6= i is assumed to be proportional to the corresponding probability under the real-world
probability P, with the proportionality factor which may depend on i and t, but not on j.

Assume that we are given the initial term structures of default-free and defaultable bonds, and
the real-world transition matrix P (in principle, all these quantities can be ‘observed’). Then, under
the above set of assumptions, Jarrow et al. [32] offer a recursive procedure which leads to the unique
determination of the ‘risk premium’ process π(t), t = 0, . . . , T−1. Consequently, the time-dependent
transition matrix Q(t) under P∗ is also uniquely specified.

4.2 Continuous-time Model

A similar approach is developed in the continuous-time setup. It is postulated that: (iv’) under
the real-world probability P, the migration process C follows a time-homogeneous Markov chain,
with intensity matrix Λ̃ satisfying mild ‘technical’ conditions (which guarantee that the state K
is absorbing, and a suitable monotonicity of default probabilities holds), (v’) under the martingale
measure P∗, the migration process also follows a Markov chain, but with a possibly time-dependent
intensity matrix Λ(t). As before, the default time τ is the first time the rating process hits the
absorbing state K.

Tractability condition (56) now takes the following form: there exists a diagonal matrix U, whose
first K − 1 entries, Uii(t), i = 1, . . . , K− 1, are strictly positive deterministic functions, and the last
entry, UKK(t) = 1 for every t, such that risk-neutral and real-world intensity matrices satisfy

Λ(t) = U(t)Λ̃, ∀ t ∈ [0, T ∗]. (57)

Suppose that the initial term structures of default-free and default-risky zero-coupon bonds are
known. Then for any choice of the ‘historical’ intensity matrix Λ̃, one can produce a model for
defaultable term structure in two steps. In the first step, we construct the migration process C
under the real-world probability P, using the intensity matrix Λ̃ (by assumption, the migration
process is independent of the underlying risk-free short-term rate r). Subsequently, we search for
an equivalent probability measure P∗, which would reproduce the observed prices of all defaultable
bonds through the risk-neutral valuation formula (54). If we denote by D̃δ

i (0, T ) the initial price of
the defaultable bond which belongs to the ith rating class at time 0, then we have

D̃δ
i (0, T ) = B(0, T )

(
δ + (1 − δ)P∗{T < τ |C0 = i}). (58)

Since τ is given by (55) and the state K absorbing, it is also clear that

P∗{T < τ |C0 = i} = P∗{CT = K |C0 = i} = qiK(0, T ),

where Q(0, T ) = [qij(0, T )] 1≤i,j≤K is the transition matrix corresponding to the time interval [0, T ].
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5 State Variables

In this section – in which we follow Duffie and Singleton [22] and Lando [41] – we place ourselves
again within the general framework, as presented in Section 2. In order to make the model of
Section 2 analytically more tractable, we impose additional conditions on the default time τ – more
specifically, on the intensity process h of the default process N . It should be stressed that additional
conditions of this kind are complementary to those presented in Section 4. For instance, it seems
natural to consider a model of defaultable debt which combines the presence of the migration process
C with the presence of the state variables process Y (as in Lando [41]).

We assume that we are given a k-dimensional stochastic process Y defined on the underlying
probability space (Ω,F ,P∗). The process Y, which typically is assumed to be Markovian under the
spot martingale measure P∗, is assumed to model the dynamics of ‘state variables’ which underpin
the evolution of all other variables in our model of the economy. As far as the default time is
concerned, we postulate that τ is the first jump time of the Cox process N with the intensity of
the form λt = λ(Yt), for some function λ : Rk → R+. At this stage, no explicit distinction between
defaultable bonds with different rating assessments is made. In other words, we focus on a bond
which currently belongs to a particular class, and we exclude the possibility of migration to any
other class then to the ‘default class’ (this restriction will be relaxed in Section 5.1).

The construction of the default time τ with these properties can be achieved as follows. Let
(Gt) t∈[0,T∗] be the filtration generated by the process Y, and let η be a random variable independent
of Y (of course, η is also assumed to be defined on (Ω,F ,P∗), so that a suitable enlargement of
the underlying probability space might be required). More specifically, we assume that η has a unit
exponential probability law under P∗. To define default time τ (that is, the first jump of the Cox
process N), we set

τ = inf
{
t ∈ R+

∣∣ ∫ t

0

λ(Yu) du ≥ η
}
. (59)

To make such a specification of the default time τ useful, we need to assume, in addition, that X is a
GT -measurable random variable, the recovery process Z is predictable with respect to the filtration
(Gt) t∈[0,T∗], and, for instance, rt = r(Yt) (this agrees with our interpretation of Y as state-variables
process). Under this set of assumptions, in all previously established formulae in which the default
time τ does not appear explicitly, that is, the presence of the default process N is manifested only
through its intensity process λt = h(Yt), we may substitute the conditional expectation with respect
to Ft with the conditional expectation with respect to Gt. For instance, using Corollary 2.1 with
∆Vτ = 0, we obtain

St = I {t<τ}EP∗
( ∫ T

t

exp
(
−

∫ u

t

R(Yv) dv
)
Zuλ(Yu) du + exp

(
−

∫ T

t

R(Yv) dv
)
X

∣∣∣Gt

)
, (60)

where R(Yu) = r(Yu)+ h(Yu). Formula (60) is a direct consequence of equality (28), combined with
the observation that

Gt ⊂ Ft ⊂ Gt ∨ σ(η), (61)

where, by assumption, the σ-fields GT and σ(η) are mutually independent. As shown by Lando
[41], in the present framework formula (60) can be derived in a more straightforward way, without
making explicit reference to the pre-default value process V (that is, using Lemma 2.1 rather than
Corollary 2.1).

Proposition 5.1 Let the default time τ be given by (59). Then we have

St = I {t<τ}B̃t EP∗
(∫ T

t

B̃−1
u Zuλ(Yu) du + B̃−1

T X
∣∣∣Gt

)
, (62)

where the process B̃ is given by (20) with ru = r(Yu) and λu = h(Yu).
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Proof. Notice that for any 0 ≤ t ≤ u we have

P∗{τ > u | GT ∨Ht} =
{

exp
(− ∫ u

t λ(Yv) dv
)
, on the set {τ > t},

0, otherwise,

where Ht = σ(Hu : u ≤ t) (for the definition of H, see Assumption (A.2)). Therefore (cf. (16)),

St = Bt EP∗
( ∫ T

t

B−1
u Zuλ(Yu) I {u≤τ} du + B−1

T X I {T<τ}
∣∣∣Ft

)

= Bt EP∗
( ∫ T

t

B−1
u Zuλ(Yu)P∗{τ ≥ u | GT ∨Ht} du + B−1

T X P∗{τ > T | GT ∨Ht}
∣∣∣Ft

)

= Bt EP∗
( ∫ T

t

B−1
u Zuλ(Yu) exp

(
−

∫ u

t

λ(Yv) dv
)

du + B−1
T X exp

(
−

∫ T

t

λ(Yv) du
) ∣∣∣Ft

)

= B̃t EP∗
( ∫ T

t

B̃−1
u Zuλ(Yu) du + B̃−1

T X
∣∣∣Ft

)

on the set {τ > t} (= 0 otherwise). We wish now to replace Ft with Gt in the last expression. In
view of (61), it it enough to observe that conditioning with respect to Gt coincides in our case with
conditioning with respect to Gt ∨ σ(η). This follows immediately from the fact that the random
variable η is independent of the process Y, and the random variable under the sign of conditional
expectation is measurable with respect to the σ-field GT . 2

Proposition 5.1, when combined with Corollary 2.1, seems to suggest that the jump ∆Vτ , even
if it does not vanish, plays no longer an important role in the present setup. Indeed, it shows that
we always have St = I {t<τ}Vt, where the process V is given by (19). Consequently, combining (14)
with (21), we find that under the present assumptions the pre-default process associated with any
defaultable claim (X, Z, τ) satisfies

EP∗
(
B−1

τ ∆Vτ I {t<τ≤T}
∣∣Ft

)
= 0, ∀ t ∈ [0, T ].

Example 5.1 The paper by Duffie and Singleton [22] focuses on the special case of fractional
recovery of market value. They assume that: (i) there is a state-variables process Y that is Markovian
under the spot martingale measure P∗, (ii) the promised contingent claim is of the form X = g(YT )
for some function g : Rk → R, (iii) the default-adjusted short-term rate Rt = rt + λtLt = ρ(Yt) for
some function ρ : Rk → R. Under (i)–(iii), we have

Vt = EP∗
{

exp
(
−

∫ T

t

ρ(Yu) du
)
g(YT )

∣∣∣ Yt

}
. (63)

Moreover, if Y follows a non-degenerate diffusion process, then ∆Vτ = 0 and thus St = I {t<τ}Vt.
Indeed, in this case the martingale given by formula (23) – in which once again we may and do
substitute Ft with Gt – is continuous. Consequently, in view of (22), the process V is also continuous.

5.1 Conditionally Markov Ratings Process

We shall now describe an extension – due to Lando [41] – of the credit ratings model elaborated
by Jarrow et al. [32] (the latter model was discussed in Section 4). As usual, we assume that the
spot martingale measure P∗, and risk-free term structure B(t, T ) are given. Lando [41] modifies the
approach in [32] by introducing a conditionally Markov migration process, which is due to account
accounts for both the presence of different rating classes, and for the postulated existence of the
underlying state variables, as modeled by a process Y. It appears that this can be achieved by a
suitable modification of the migration process C introduced in Section 4 (whenever possible, the
notation introduced in Section 4 is preserved).
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We place ourselves in a continuous-time setup. The migration process C is now assumed to follow,
under the spot martingale measure, a conditional Markov chain with the (stochastic) intensity matrix

Λ(Yt) = [λij(Yt)] 1≤i,j≤K , ∀ t ∈ [0, T ∗],

which is assumed to satisfy, for every t ∈ [0, T ∗],

λii(Yt) = −
K∑

j=1, j 6=i

λij(Yt), and λK,i(Yt) = 0, ∀ i = 1, . . . , K, (64)

where λij : Rk → R+ are non-negative functions. For any such a matrix, given the process Y and
the initial rating i (at time 0, say), it is possible to construct a migration process C corresponding
to the matrix Λ(Yt). More specifically, the migration process C is assumed to follow, conditionally
on the path of the state-variables process Y, a Markov chain with finite state space {1, . . . , K}
and time-dependent (but deterministic) intensity matrix Λ(Yt). It follows from (64) that the Kth

row of the matrix Λ(Yt) is assumed to vanish indentically, so that K is an absorbing state. As
in Section 4, the absorbing state K represents the default event, since the default time is the first
time the migration process C hits K. The construction of a process C with these properties is a
straightforward generalization of the construction provided by formula (59) (though we need to deal
with an infinite family of mutually independent exponentially distributed random variables).

Due to the nature of the default time τ, the valuation of defaultable claims becomes more
cumbersome. In fact, since default time τ and short-term rate r are no longer mutually independent
(as was postulated in Jarrow et al. [32]), no shortcuts, such as formula (54), are available, Therefore,
one needs to use the standard definition (14) of the price of a defaultable claim. This applies even
to the case of a zeru-coupon bond, under the assumption that the recovery rate equals 0 (that is,
when the recovery process Z vanishes identically). By definition, the price of such a bond equals
(cf. (14) or (33))

D0
i (t, T ) = Bt EP∗

(
B−1

T I {T<τ}
∣∣Ft ∨ {Ct = i}),

where we assume that at time t the bond belongs to the ith rating class, for some i < K. Using a
similar reasoning as in the proof of Proposition 5.1 (that is, conditioning first on the future evolution
of the process Y ), we find that

D0
i (t, T ) = Bt EP∗

(
B−1

T (1− pY
iK(t, T ))

∣∣Gt

)
, (65)

where
pY

iK(t, T ) = P∗{CT = K | {Ct = i} ∨ σ(Yu : u ∈ [t, T ])
}
. (66)

Notice that pY
iK(t, T ) is simply the conditional transition probability of the migration process C, over

the time interval [t, T ], with conditioning on the future behaviour of the state-variables process Y.
Evaluation of pY

iK(t, T ), given a particular sample path of the process Y, would be thus a relatively
simple task, were the intensity matrix Λ(Yt) a diagonal matrix. Indeed, we would be then able to
separate variables in the corresponding system of Kolmogorov differential equations. A similar –
but slightly less explicit – result holds provided that

Λ(Yt) = B Γ(Yt)B−1,

where Γ(Yt) is a diagonal matrix, and B is a K ×K matrix whose columns are the eigenvectors of
Λ(Yt). Under this rather restrictive condition, Lando [41] derived a quasi-explicit valuation formula
for a defaultable bond, and indeed for any (promised) European claim of the form X = g(YT , CT ).

To conclude, the problem of valuation of defaultable debt is reduced to finding of a convenient
representation of the right-hand side in (66), which would subsequently allow to evaluate the con-
ditional expectation in (65). Generally speaking, this seems to be a rather difficult task, especially
when restrictive regularity conditions are not imposed on the intensity matrix, or when we deal
with a non-zero recovery rate. In any case, valuation of defaultable claims can be done through
simulation techniques though.
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6 Credit spreads

The exposition in this section is motivated by results of Schönbucher [55]–[56] (see also Duffie [16]),
though the line of argument is somewhat different. Generally speaking, the main modification is that
we do not assume here that the default time of a T -maturity defaultable bond is prespecified. We
postulate only that we are given a defaultable term structure, represented by a family of defaultable
instantaneous forward rates. Our goal is thus to explain exogenously given defaultable term structure
through an introduction of a family of default times (which are defined on a suitable enlargement
of the underlying probability space). It should be stressed that in this section we do not price
defaultable bonds for a given risk-free term structure and a prespecified default time, as was the
case, for instance, in Sections 2–3. On the contrary, we assume that the ‘pre-default’ values of
defaultable bonds are given a priori, and we search for an arbitrage free setup supporting these
values. The reason for chosing such an approach is that we feel that a simultaneous specification
of both the default times (or equivalently, intensities of default) and the defaultable forward rates
would lead to an overspecified model of defaultable term structure. Notice, in addition, that if one
postulates that all bonds of a given rating class have identical intensity of default3 – the maturity
of a particular bond notwithstanding – one looses a degree of flexibility.

6.1 Zero Recovery

In the first step, we ficus on a particular defaultable bond so that the maturity date T is fixed. In this
case, it is enough to assume that the dynamics of a defaultable instantaneous forward rate for the
date T is specified. We wish to explain this dynamics by introducing a judiciously chosen stopping
time, interpreted as default time with zero recovery. Subsequently, we address the following natural
question: under which conditions, a default time τ can be chosen simultaneuosly for all defaultable
bonds. We make the following standing assumptions.

(B.1) We are given a d-dimensional standard Brownian motion W, defined on the underlying real-
world probability space (Ω, (Ft) t∈[0,T∗],P).

(B.2) For any fixed maturity T ≤ T ∗, the risk-free instantaneous forward rate f(t, T ) satisfies4

df(t, T ) = α(t, T ) dt + σ(t, T ) · dWt, (67)

where α and σ are adapted stochastic processes with values in R and Rd, respectively.

(B.3) The defaultable instantaneous forward rate g(t, T ) satisfies

dg(t, T ) = α̃(t, T ) dt + σ̃(t, T ) · dWt, (68)

for some processes α̃ and σ̃.

Assumptions (B.1)–(B.2) are, of course, the standard asssumptions of the Heath-Jarrow-Morton
[29] approach to term structure modeling. By definition, the price of a T -maturity default-free
zero-coupon bond equals

B(t, T ) := exp
(
−

∫ T

t

f(t, u) du
)
, ∀ t ∈ [0, T ]. (69)

The meaning of Assumption (B.3) is not as transparent yet. We set, however,

D̃0(t, T ) := exp
(
−

∫ T

t

g(t, u) du
)
, ∀ t ∈ [0, T ], (70)

3This seems to be a standard assumption in all existing rating-based models.
4For technical conditions under which formulae (67)–(68) make sense, see Heath et al. [29].
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and we interpret D̃0(t, T ) as the pre-default value of a T -maturity defaultable zero-coupon bond.
Of course, for this interpretation to be justified, we need first to develop an arbitrage-free model
for default-free and defaultable term structures. In particular, our goal is to show that the pre-
default value D̃0(t, T ) can be indeed be interpreted as the price before default of a T -maturity
defaultable zero-coupon bond with zero recovery rate, in an arbitrage-free framework. To this end,
we shall assume, in addition, that the credit spread g(t, T ) − f(t, T ) is strictly positive, so that
D̃0(t, T ) < B(t, T ). For the reader’s convenience, we quote the following result (see [29]).

Lemma 6.1 The bond price B(t, T ) satisfies

dB(t, T ) = B(t, T )
(
a(t, T ) dt + b(t, T ) · dWt

)
, (71)

where
a(t, T ) = f(t, t)− α∗(t, T ) + 1

2 |b(t, T )|2, b(t, T ) = −σ∗(t, T ),

and

α∗(t, T ) =
∫ T

t

α(t, u) du, σ∗(t, T ) =
∫ T

t

σ(t, u) du.

An analogous result holds for D̃0(t, T ), with an obvious change of notation, so that

dD̃0(t, T ) = D̃0(t, T )
(
ã(t, T ) dt + b̃(t, T ) · dWt

)
(72)

with
ã(t, T ) = g(t, t)− α̃∗(t, T ) + 1

2 |b̃(t, T )|2, b̃(t, T ) = −σ̃∗(t, T ). (73)

Assume now, in addition, that one may also invest in the risk-free savings account B, which corre-
sponds to the short-term rate rt = f(t, t). In view of (71), the relative price Z(t, T ) = B−1

t B(t, T )
satisfies under P

dZ(t, T ) = −Z(t, T )
((

α∗(t, T )− 1
2 |b(t, T )|2) dt− b(t, T ) · dWt

)
.

The following condition is known to exclude arbitrage across all default-free bonds, as well as between
default-free bonds and the savings account.

Condition (M) There exists an adapted Rd-valued process γ such that

EP

{
exp

(∫ T∗

0

γu · dWu − 1
2

∫ T∗

0

|γu|2 du
)}

= 1

and, for any maturity T ≤ T ∗, we have

α∗(t, T ) = 1
2 |σ∗(t, T )|2 − σ∗(t, T ) · γt.

Let γ be some process satisfying Condition (M). Then the probability measure P∗, given by the
formula

dP∗

dP
= exp

(∫ T∗

0

γu · dWu − 1
2

∫ T∗

0

|γu|2 du
)
, P-a.s.,

is a spot martingale measure for the default-free term structure. Moreover, if we define a Brownian
motion W ∗ under P∗ by setting

W ∗
t = Wt −

∫ t

0

γu du, ∀ t ∈ [0, T ∗],

then, for any fixed maturity T ≤ T ∗, the default-free bond price B(t, T ) satisfies under P∗

dB(t, T ) = B(t, T )
(
rt dt + b(t, T ) · dW ∗

t

)
. (74)
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We shall assume from now on that the process γ is uniquely determined, so that the default-free
bonds market is complete.5 Formally, this means that any default-free contingent claim can be
priced through risk-neutral valuation formula. It should be stressed, however, that this remark does
not apply to defaultable claims. After a recollection of the well-known facts about the Heath-Jarrow-
Morton approach, we shall now focus on dynamics of the relative pre-default value of a defaultable
bond. First, under P the process Z̃(t, T ) = B−1

t D̃0(t, T ) satisfies

dZ̃(t, T ) = Z̃(t, T )
(
(ã(t, T )− f(t, t)) dt + b̃(t, T ) · dWt

)
. (75)

Consequently, under the unique spot martingale measure P∗, we have

dZ̃(t, T ) = Z̃(t, T )
(
λt dt + b̃(t, T ) · dW ∗

t

)
, (76)

where we set (notice that the process λ may depend on maturity T, in general)

λt := ã(t, T )− f(t, t) + b̃(t, T )γt. (77)

The no-arbitrage condition between a defaultable bond and savings account reads:6 λt = 0 for
t ≤ T. It is easily seen that this condition is never satisfied, under the present assumptions. Indeed,
were it true, Z̃(t, T ) would be a P∗-martingale, and we would have

D̃0(t, T ) = EP∗
{

exp
(
−

∫ T

t

f(u, u) du
) ∣∣∣Ft

}
= B(t, T ), ∀ t ∈ [0, T ].

This would contradict our assumption that D̃0(t, T ) < B(t, T ). Therefore, we shall assume from now
on that the process λ does not vanish identically, for any maturity T. From the property that credit
spread g(t, u)− f(t, u) is strictly positive, we should be able to deduce that λ is strictly positive.7

6.1.1 Defaultable bond. Let us fix a maturity date T. In view of (76) we have

dZ̃(t, T ) = Z̃(t, T )
(
λt dt + b̃(t, T ) · dW ∗

t

)
.

We shall show that there exists a stopping time τ, such that the process (as before, Ht = I {t≥τ})

Mt = Ht −
∫ t

0

λu I {u≤τ} du (78)

follows a local martingale under P∗ (or rather, under a suitable extension Q∗ of P∗, which we are now
going to introduce). The existence of τ follows easily from standard results in the theory of stochastic
processes, provided that we allow for a suitable enlargement of the underlying probability space. In
fact, we cannot expect a stopping time τ with desired properties to exist on the original probability
space (Ω, (Ft) t∈[0,T∗],P∗), in general. For instance, if the underlying filtration is generated by a
standard Brownian motion, which is the usual assumption imposed to ensure the uniqueness of the
spot martingale measure P∗, no stopping time with desired properties exists on the original space.
Let us denote by (Ω̃, (F̃t) t∈[0,T∗],Q∗) the enlarged probability space. Our additional requirement is
that W ∗ remains a standard Brownian motion when we switch from P∗ to Q∗. To satisfy all these
requirements, it is enough to take a product space (Ω × Ω̂, (F̃t ⊗ F̂) t∈[0,T∗],P∗ ⊗ Q) where the
probability (Ω̂, F̂ ,Q) is large enough to support a unit exponential random variable, η say. Then
we may put (cf. (59))

τ = inf
{
t ∈ R+

∣∣ ∫ t

0

λu du ≥ η
}
. (79)

5Strictly speaking, this assumption is not required for our further development. On the other hand, it seems to us
that nothing could be gained, had we assumed instead that the default-free bonds market is not complete.

6More precisely, this would be the no-arbitrage condition between defaultable bond and savings account, had the
process D̃0(t, T ) represented the price (as opposed to the pre-default value) of a defaultable bond.

7This is obvious, if we assume, in addition, that σ(t, T ) = σ̃(t, T ), since then λt = g(t, t) − f(t, t). A general case
eludes us at present. Schönbucher [55]–[56] derives the equality φtλt = g(t, t) − f(t, t) for a strictly positive process
φ, but he works in a somewhat different setup.
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As one might expect, we extend W ∗ (and all other previously introduced processes) to the enlarged
space by setting W ∗

t (ω, ω̂) = W ∗
t (ω), etc. Then, the desired properties are easily seen to hold under

Q∗ = P∗ ⊗Q. It is worthwhile to notice that for obvious reasons we cannot require the stopping
time τ to be independent of W ∗ (unless the process λ is constant).

We are in a position to introduce the price process of a T -maturity defaultable bond. Let us first
define an auxiliary process Ẑ(t, T ) by setting

dẐ(t, T ) = Ẑ(t, T )b̃(t, T ) · dW ∗
t − Ẑ(t−, T ) dMt. (80)

For obvious reasons, Ẑ(t, T ) follows a local martingale under Q∗. Moreover, we may rewrite (80) as
follows

dẐ(t, T ) = Ẑ(t, T )
(
λt dt + b̃(t, T ) · dW ∗

t

)− Ẑ(t−, T ) dHt. (81)

The last equality follows from (78), combined with the fact that Ẑ(t, T ) vanishes on the random set
[τ, T ] (and thus λt I {t≤τ} may be replaced with λt). A comparison of (75) and (81) shows that

Ẑ(t, T ) = I {τ>t}Z̃(t, T ). (82)

We define the price process of a T -maturity defaultable bond by setting

D0(t, T ) := BtẐ(t, T ) = I {τ>t}D̃0(t, T ), (83)

where the second equality is a consequence of (82).

Remark 6.1 The necessity of enlarging the underlying is closely related to the fact that it is not
possible to replicate a defaultable bond using risk-free bonds. Put another way, the process D̃0(t, T )
does not correspond to the wealth of a self-financing portfolio of risk-free bonds (i.e., it does not
represent a redundant security in the risk-free bonds market). On the other hand, a defaultable
bond D0(t, T ) is redundant on the random set [0, τ [ , i.e., before the default time (which is a rather
weak statement, however, since the stopping time τ is not accessible).

Proposition 6.1 Let D0(t, T ) be given by formula (83). Then the dynamics of D0(t, T ) are

D0(t, T ) = D0(t, T )
(
(ã(t, T ) + b̃(t, T )γt) dt + b̃(t, T ) · dW ∗

t

)
−D0(t−, T ) dHt,

and
D0(t, T ) = D0(t, T )

(
ã(t, T ) dt + b̃(t, T ) · dW ∗

t

)
−D0(t−, T ) dHt,

under Q∗ and under P, respectively. The risk-neutral valuation formula holds under Q∗, that is,

D0(t, T ) = Bt EQ∗(B−1
T I {T<τ} | Ft). (84)

Proof. The first statement is an immediate consequence of definition (83), combined with (75) and
(81)–(82). From (76), we get

dD̃0(t, T ) = D̃0(t, T )
(
(rt + λt) dt + b̃(t, T ) · dW ∗

t

)
, (85)

so that (recall that D̃0(T, T ) = 1)

D̃0(t, T ) = B̃t EQ∗(B̃−1
T | Ft)

with (cf. (20))

B̃t = exp
(∫ t

0

(ru + λu) du
)
.

This means that D̃0(t, T ) corresponds to the process V introduced in Proposition 2.1 (with Z = 0
and X = 1). Since ∆Vτ = 0 (this holds since we know that the process D̃0(t, T ) is continuous),
using Corollary 2.1, we obtain

I {τ>t}D̃0(t, T ) = Bt EQ∗(B−1
T I {T<τ} | Ft).

In view of (83), this proves (84). 2
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